According to the extended Melan's static theorem, theoretical and numerical aspects of the stress compensation 8 method (SCM) are presented to perform shakedown analysis of elastic-plastic structures considering the effect 9 of temperature on yield strength. Instead of constructing a mathematical programming formulation, this 10 developed method consists of the two-level iterative scheme. The inner loop constructs the statically admissible 11 self-equilibrating stress field, while the outer loop evaluates a sequence of decreasing load factors to approach 12 to the shakedown limit multiplier. The yield strength considering temperature effect is updated based on the 13 current temperature at each outer iteration, and the yield conditions are checked at all Gauss points. The 14 numerical procedure is well incorporated into ABAQUS finite element code and used for calculating the 15 shakedown limits of structures considering yield strengths as different functions of temperature under complex 16 thermomechanical loading system. The method is validated by some plane stress and axisymmetric numerical 17 examples with theoretical and numerical solutions, and subsequently applied to solve the practical shakedown 18 problem of a pipe with oblique nozzle. The results demonstrate that the developed method is stable, accurate 19 and efficient, and can effectively evaluate the shakedown limit of an elastic-plastic structure where the yield 20 strength of material varies with temperature. 21
Introduction

24
In modern engineering design standards and codes, such as EN 13445-3 and ASME VIII-2, the plastic failure 25 mechanisms of structures are addressed with the objective to evaluate the load-carrying capability of structures 26 structures under variable thermal and mechanical loads are designed with checks against ratcheting (or 28 incremental plastic collapse) and alternating plasticity (or local low-cycle fatigue) (Staat and Heitzer, 2003) . 29 Instead of limiting the behavior of structural elements or components to the elastic range, these design codes 30 allow some limited plastic deformation provided the structures shake down to the elastic behavior after some 31 load cycles. Therefore, for these structures under repeated variable loads, shakedown limit is a significant design 32 parameter to engineers. The shakedown analysis just aims to determine the allowable load range, within which 33 the structure will not failure due to the ratcheting or the alternating plasticity (König, 1987) . 34 Shakedown problems have attracted extensive attentions of academic researchers and engineers in fields of 35 mathematics, material, mechanics, and structural engineering (Maier, 2018). However, it is still difficult to implement shakedown analysis well for practical complex engineering 40 structures in design process. One difficulty remains in how the shakedown theorem meets the actual engineering 41 conditions (Weichert and Ponter, 2014) . The classical Melan-Koiter shakedown theorems (Melan, 1938; Koiter, 42 1960) rest on the assumption of temperature-independent material property. However, many structural elements 43 and components in nuclear and power producing plant usually work in high and variable temperature 44 environment, and thus the temperature has large effects on some material parameters, especially on the yield 45 strength. The shakedown analysis is complicated when temperature effect on material property is taken into 46 consideration. Another difficulty is the computing tool for solving large-scale complex shakedown problems. (1) 127 Considering that the time-dependent factor ( ) i t µ varies arbitrarily within a given range of itself: 128 
As displayed in Fig. 1 , a four-vertex loading domain in two-dimensional space is taken as an example. 136 Fig. 1 . Loading domain Ω and loading path. 138 Now we assume a solid body is subject to both mechanical and thermal loads as well as temperature variation 139 varying in a quasi-static process. The mechanical and thermal loads depend on a group of time-dependent load 140 satisfies self-equilibrating condition in the body V and force boundary condition on the surface t S , i.e. 174 175 where ∇ ⋅ denotes the divergence operator; and n denotes an outward normal of the surface t S . 176 Fig. 2 presents a geometric illustration of static theorem of shakedown considering the temperature effect 177 on yield strength. The key idea is to place the loading domain Ω into the geometric space formed by yield 178 condition for all loads and temperatures. The loading domain can be enlarged or shrunk by multiplying a factor 179 λ . The maximum allowable value of the factor λ is shakedown multiplier. It is worth emphasizing that, both 180 fictitious elastic stress domain and yield condition consider the effect of temperature variation, thus the domain 181 must be contained in the geometric space for all temperatures. yield stress and temperature is convex, the piecewise linearization of yield stress function versus temperature 192 turns out to be a particularly useful approach (Vu and Staat, 2007) . In this work, the piecewise linearization of 193 the yield stress function versus temperature can be easily carried out by partitioning the temperature range into 194 some sub-ranges, just resulting in the increase of the number of vertices m θ . 195 3. Theoretical aspect of the SCM with temperature-dependent yield stress 196 We suppose that an elastic-perfectly plastic material obeys the von Mises yield criterion with associated 197 flow rule. To investigate the temperature effect on shakedown problem, the yield strength of material is 198 considered temperature-dependent. 199 The strain rate ( )
can be divided into five parts: 200 According to the constitutive law, the stress and strain have the following relation expressions: 206
where D denotes the elastic stiffness matrix. 209 For the FE analysis, the strain rates ( )
of an element are related to the nodal displacement rates ( )
where B denotes the strain-displacement matrix. 212 We substitute Eq. (10) into (12), then the residual stress rate is represented as 213 
Considering the arbitrary of ( ) t δ u  , the expression in the brace must equal to 0, i.e.
where K denotes the structural global stiffness matrix. We replace
with the compensation stress 221 ( ) C t σ and put Eqs. (11) and (13) into Eqs. (17) and (14). Then the expressions in Eqs. (17) and (14) are 222 written as, respectively 223 
As displayed in Fig. 3 
Initial preparation 241
Before the iterative process of the stress compensation method (SCM) begins, both the fictitious elastic 242 stress fields at all the vertices of a loading domain and an initial load multiplier above shakedown limit need to 243 be given. The fictitious elastic stress field can be obtained by combining some basic stress fields from a set of 244 linear elastic solutions. For the convenience of programming, these linear elastic problems are respectively 245 solved and then these calculated stress fields are stored in terms of vector. Considering that the temperature 246 decreases the yield stress of materials, an initial load multiplier is evaluated by 247 
Numerical implementation for shakedown analysis 251
For a convex yield function in σ θ − space, shakedown analysis can be simplified by checking the 252 shakedown state of structure under every load vertex vector
) of the polyhedral loading 253 domain in place of all loading paths. Then the static shakedown conditions presented in Eq. (8) need to be 254 examined only at these m load vertices. The following expressions are described as the incremental form. 255 Considering that Eqs. (18) and (19) are solved for every load vertex, we superpose these m expressions at 256 all the load vertices of a load cycle, then we get 257
For simplification of notation, Eq. (24) is rewritten as 259 The two-level iterative scheme of the SCM is summarized as follows. For iteration n in inner loop: 263 (1) For every load vertex i,
are calculated at all Gauss points of the body. 264 
(4) Check the convergence of
, and repeat the steps 1-3 till the convergence is reached. The 272 convergence criterion is defined by 273
where tol1 is a predefined tolerance parameter. 275 The outer loop aims to calculate load multipliers. For iteration k in outer loop: 276 (1) Carry out the inner loop till the convergence is in reach. 277 (2) Record the maximum value . Otherwise, the updated load multiplier 
Numerical applications and discussion
292
The numerical procedure is incorporated into ABAQUS software via the user subroutines UMAT and 293 URDFIL. Different FE models, including plane stress element, axisymmetric element and three-dimensional 294 solid element, are considered and analyzed to verify the availability and to demonstrate the performance of the 295 developed numerical method for shakedown analysis of structures considering the temperature effect on yield 296 strength. Both linear and nonlinear yield stress functions with respect to temperature are considered. 297
Verification of the method for plane stress element by the Bree problem 298
The Bree problem is a typical benchmark example for uniaxial shakedown and ratchet analysis of structure 299 under thermomechanical loading. Some authors (Bree, 1967; Bradford et al., 2014) have studied the shakedown 300 boundary considering the effect of mean temperature on yield strength analytically. In these analyses, the 301 elastoplastic material with different yield strengths off-load and on-load is considered, and the temperature 302 gradient across can wall is small enough thus the yield stress is uniform over the whole structure. However, for 303 actual structures, the temperature difference among different material points may be large. It is necessary to 304 determine these shakedown boundaries considering the effect of temperature gradient on yield strength. 305 As displayed in Fig. 4 elements. In the following two sub-sections, the shakedown analyses of the Bree problem considering two kinds 311 of temperature-dependent yield stresses are studied using the developed SCM. 
Effect of mean temperature on yield strength 316
We assume that the plate suffers large temperature variation between on-load and off-load cases but the 317 temperature gradient across the width is small enough to be ignored. To estimate the temperature effect, we 318 assume the yield stress y σ decreases to 
The SCM is utilized to evaluate these shakedown limits of the plate under different combinations of constant 323 mechanical load and varying thermal load. Both the calculated numerical shakedown domain and the analytical 324 solutions are displayed in Fig. 5 . The boundary of shakedown domain considering the temperature effect is 325 divided into three regions, which correspond to AB for alternating plasticity limit, BC for ratchet limit, and CD 326 especially in the ratchet and plastic collapse regions. For a comparison, the shakedown domain of the plate with 328 temperature-independent yield stress is also added in where c is a parameter. 340 (1) Analytical solutions 341 a) Alternating plasticity mechanism 342 As given in Appendix A, the dimensionless shakedown limit the SCM agree well with the analytical solution, and the value of c has significant influence on these shakedown 360 domains, which demonstrates the significance of considering the temperature effect on yield strength for 361 shakedown problem in practical engineering. 362 In order to explore the relationship between these shakedown limits and the values of c, the vertical and 363 horizontal coordinates of the intersection point of alternating plasticity limit boundary and ratchet limit boundary 364 in the dimensionless coordinate system 
Considering the axial symmetry of loading and structure, the axisymmetric model is established for FE 381 analysis (see Fig. 9 ). Plane condition and equivalent axial tension induced by internal pressure are applied to 382 the end face. The discretization of the cylinder consists of 60 quadratic reduced axisymmetric elements 383 (ABAQUS CAX8R) with 20 elements in the radial direction. 384 This example has been studied by some authors (Gokhfeld and Charniavsky, 1980; Vu and Staat, 2007) . For 385 the purpose of comparison, we adopt the same material parameters and yield stress functions as those in Vu and 386 Staat (2007) . The main material parameters of the thick-walled cylinder are listed in Table 2 To verify the applicability of the developed SCM for complex structure considering the temperature effect 403 on yield strength, an actual pipe with oblique nozzle is analyzed. Fig. 11 shows the one-half geometric model 404 of the structure, and its main geometric parameters are given in Table 3 Table  423 4. Here, we only consider the temperature effect on yield strength, and the relation expression is as follows: Firstly, the temperature filed history of the structure is calculated via the transient heat transfer analysis. 430 Then, by setting the obtained temperature filed history as predefined field, the thermal elastic stress field history 431 is calculated via the structural stress analysis. Node 6308 and node 5451 located respectively on the outside and 432 inside surfaces are selected as a representation to show the temperature histories of the outside and inside 433 surfaces of the structure. As a result, their temperature histories are displayed in Fig. 14 . It can be observed from 434 Fig. 14 that the structure suffers from the maximum temperature gradient at the moment of t=12000 s. Thus the 435 maximum thermal elastic stress of the pipe occurs at this moment. The von Mises thermal and mechanical stress 436 fields of the pipe under the single thermal load and the single working pressure are shown in Fig. 15 (a) and (b) , 437 respectively. 438 The total elastic stress of the structure consists of two components: θ σ denotes the thermal stress 441 corresponding to the temperature load θ ; and P σ denotes the mechanical stress caused by the internal 442 pressure P. As displayed in Fig. 16 , two types of loading cases are considered. For loading case I, thermal load 443 and internal pressure vary independently. For loading case II, thermal load is cyclic and internal pressure keeps 444 constant. The SCM is employed to determine the shakedown limits of this pipe for two loading cases considering 445 different ratios of the two stress components. 446 The shakedown domains of the pipe with oblique nozzle considering temperature-independent and 447 temperature-dependent yield strengths for two loading cases are all displayed in Fig. 17 . For the loading case I, 448 the alternating plasticity mechanism is decisive for the shakedown boundaries AD and A'D. For the loading 449 case II, the shakedown boundaries are divided into two regions i.e., AB or A'B' for alternating plasticity limit, 450 and BC or B'C for ratchet limit. For both loading case I and loading case II, the shakedown domains are 451 narrowed a lot when the effect of temperature on yield strength is taken into consideration. It is worth noting 452 that, for the alternating plasticity regions AB and A'B', the shakedown limit is decided by the maximum thermal 453 stress of material point that undergoes high temperature. The high temperature leads to the reduction of the yield 454 strength, therefore, the shakedown limit is largely decreased. The points D and C respectively denote the 455 shakedown limit and plastic collapse limit of the structure under single pressure, and thus the temperature-456 dependent yield stress has no influence on them. These results show the significance of considering temperature 457 effect on yield strength when assessing the safety of a structure operating under high temperature variation. On 458 the other hand, if the variation range of operating temperature of the structure approaches to zero, the constant 459 yield strength can be used to simplify the calculation. 460 Fig. 18 gives the typical convergence process of shakedown load multipliers when using the SCM to perform 461 shakedown analysis of the pipe considering the temperature-dependent yield strength. Over the whole process, 462 only one decomposition of the global stiffness matrix is carried out, which largely enhances the calculation 463 efficiency of the SCM. The CPU time for each iteration of the SCM is about one quarter of that for a complete 464 elastic FE analysis. The CPU time for completing a shakedown analysis is about 250 s using the Intel Core i7 465 processor with 3.39 GHz and 16 GB RAM. nozzle demonstrates that it has high calculation efficiency for large-scale engineering problems with 501 temperature-dependent yield strength. 502 4. The temperature effect on yield strength of material narrows the shakedown domain of a structure under 503 cyclic thermomechanical loading to some degree, which depends on the temperature distribution and failure 504 mechanism of the structure. For a structure with evenly distributed temperature along the thickness, the 505 shakedown limit dominated by plastic collapse mechanism is in proportion to the yield strength at the 506 highest temperature, while the shakedown limit dominated by alternating plasticity mechanism is 507 approximately equal to the average value of shakedown limits using the minimum and maximum yield 508 stresses. For a structure with gradient temperature along the thickness, the temperature-dependent yield 509 strength has greater influences on the shakedown limit dominated by alternating plasticity mechanism than 510 that dominated by ratcheting mechanism. It is very necessary to take into consideration of the temperature 511 effect on yield strength of material when assessing the shakedown behavior of a structure operating at high 512 temperature or undergoing large temperature difference. 513 Let us deduce the shakedown limit dominated by ratcheting mechanism for the Bree problem considering 529 the yield strength as function of temperature. Referring to the noncyclic method used to solve the classical Bree 530 problem in Reinhardt (2008) Next, a limit analysis is performed to determine the maximal allowable constant mechanical load. The plate 536 fails if applied load exceeds the area of regions below the yield stress distribution, i.e., the shaded area shown 537 in Fig. B1 . 
